LECTURE 8

Hexagonal Symmetry: Transverse Isotropy

The elastic coefficient matrix for a hexagonally symmetric medium where x, is

the axis of symmetry, is given by

c, C,-2C, C, 0 0 0
c,-2¢, C, C; 0 0 0

C= Cs Cs Csy 0 0 0
0 0 0 C, 0 0

0 0 0 0 C, O

0 0 0 0 0 C,

The Christoffel equation for such a medium is given by

pz(cnllz + Csslzz + C44132 ) —P pz(cu + C66)lllz Pz(cls +Cy )1113 U
pz(clz + Css)lllz pz(C66112 + C11122 + C44l32)—p pz(cn +Cy )lzls u, |=0.
pz(cm + C44)1113 pz(cls + C44)1213 P’ (C44112 +Cly +Cyly ) —PN\Us

where
C,=C,, —2C

This gives the characteristic equation for the hexagonal symmetry as

p’ (Cullz + C66122 + C44l32 )_ P P’ (Clz +C )1112 P’ (CIS +Cy )1113
PZ(Clz +C66)1112 pZ(C66112 +C11122 +C44132)—p pZ(Cls +C44)lzl3 =0.
P (C13 +Cy )1113 P’ (C13 +Cy ) L, p’ (C44ll2 +Coly +Cyil; ) -P



For propagation in x,x, plane, we set /; =0 to obtain the following Chritoffel equaion

P’ (Cullz +C66122)_p P’ (Clz +C66)1112 0 u,
pz(C12+C66)1112 pZ(CGGIIZ +C11122)—p 0 u, |=0.
0 0 P (C44112 + C44122 ) —P u3
and the characteristic equation
}’72(C11112 +C66122)_p pz(cn"'caa)lllz 0
pz(clz"'cee)lllz pz(cwllz"'culzz)_p 0 =0.
0 0 p’ (C44112 +Cyly ) -P

Thus for propagation in the x,x, plane in a hexagonal crystal, with x; as the axis of

symmetry, the wave motion decouples into a linear part

p2C44 -p=0,
or,
_|P
D C.. )

It is clear from the above equation that it corresponds to particle the z direction or

normal to the plane of propagation (SH mode).

The determinant equation can be expanded as.
(p2 (Cllll2 + C66122 )_ p)(p2 (C66112 + C11122 ) - p)(p2 (C44112 + C44122 ) - p)_
(p2 (CIZ +Co )ZIZZ )(p2 (CIZ +C )1112)(p2 (C44112 +Cyl; ) - p) =0.

or
(P2 (Cllll2 +C66122)_p)(p2 (C66112 +C“l22)—p)(p2 (C44)—p)—.
(p2 (C +C66)1112)(p2 (C +C66)1112)(p2 (C44)_p) =0.



Therefore the quadratic part is give by

(P2 (Cullz + C66122 )_ p)(p2 (Ceellz + C'“l22 ) - p)—(p2 (C12 +Cy )lllz )(p2 (Clz +Cy )1112) =0.
which reduces to the following equation
(p2C66 - p)(po“ —P) =0

Thus the quadratic part factorizes into the following

P
D=7 >
’ C66
and,
_ | P
Ds C,

To find the direction of polarization for these solutions, we find from the first row of the

matirx:

U _ pz (Cn - C66)lllz

) [pz(cullz +C66122)_p] .

For solution 2, with p = / CL , we have
66

P
—(C,,—C, )1
ul C66( 11 66)12

— (Cn B C66)lllz
" [C{)(Cnllz + C66122) - p} [(Cnllz " C“lzz) - C66]
66




Similarly for solution 3, with p = / CL , we have
11

U _ (Cn - C66)lll2

Uy [(Cllllz +C66122)_C11] .

For waves propagating in x,x, plane, I along the direction of propagation is given by

[ =1x +1X,

From Eq. (2.67) the particle motion u for solution 2 is proportional to

C,-C. )1
- _ ( 211 662) 172 j‘c\l +)?2
Cllll + Cﬁélz - C66
Thus we have
7 (Cn_cse)lllz -, o

lu=(lx+0x,)e - X, +X,

(Cllllz + Ceblzz - C()() )
_ (Cll —Cos )11212

:2 =

(Cullz + C66122 - C66 )

Thus solution 2 is pure shear polarized in x,x, plane (the plane of propagation).

Similarly  we can show that solution 3 is pure longitudinal.

Thus for propagation in x,x, plane in a hexagonal crystal with x; as the axis of

symmetry, the motion polarizes in three orthogonal directions:



And,

® p = L, Corresponds to pure shear motion along x, axis (normal to the

44

plane of propagation — a pure SH mode.

P

e p, = |—, Corresponds to pure shear motion in the plane of propagation — a
66

pure SV mode.

® p, = /CL , Corresponds to pure longitudinal motion — pure P wave.
11

Thus in the xx, plane three pure modes exist and they propagate with different

velocities. Note also that there is no azimuthal variation of the above three wave speeds;

so the slowness curves are circle like an isotropic medium. This is the reason to call a

hexagonally symmetric medium with x, (the vertical) as the axis of symmetry,

transversely isotropic medium.
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